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Abstract. Let {X, d,p) be a pointed metric space. A pretangent space to X 
at p is a metric space consisting of some equivalence classes of convergent 
to p sequences (xn),Xn € X, whose degree of convergence is comparable 
with a given scaling sequence {r„),r„ i 0. We say that (r„) is normal if 
there is (a;„) such that | d{xn,p) — rn \— o{rn) for n — >■ oo. Let Jlp (n) 
be the set of pretangent spaces to A at p with normal scaling sequences. 
We prove that the spaces from r2^(n) are uniformly bounded if and only if 
{d{x,p) : X £ A} is a so-called completely strongly porous set. 
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local strong one-side porosity. 
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1 Introduction 

The pretangent and tangent spaces to a metric space (X, d) at a given 
point p G X were defined in [5j(see also [B]). For convenience we recall some 
results and terminology related to the pretangent spaces. 

Let {X, d, p) be a pointed metric space with a metric d and a marked 
point p. Fix a sequence f of positive real numbers r„ tending to zero. In 
what follows f will be called a scaling sequence. Let us denote by X the set 
of all sequences of points from X. 

Definition 1.1. Two sequences x = {Xn)neN and y = {yn)neN, x,y G X are 
mutually stable with respect to r = (r„)„gN if the finite limit 

lim ^ "-'^w) ._ (j^.^x,y) = d{x,y) (LI) 

exists. 

We shall say that a family F C X is self-stable (w.r.t. f) if any two 
x,y & F are mutually stable. A family F C X is rnaximal self-stable if F is 
self-stable and for an arbitrary z G X either 5 G -F or there is x G -F such 
that X and z are not mutually stable. 

A standard application of Zorn's lemma leads to the following 
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Proposition 1.2. Let {X,d,p) be a pointed metric space. Then for every 
scaling sequence r = (r„)„gN there exists a maximal self-stable family Xp^f 
such that p := {p,p, ...) G Xp^f. 

Note that the condition p G Xp^^ implies the equality lim d{xn,p) = 

for every x = {Xn)nm e Xp^f- ^ _ 

Consider a function d : Xp^f x Xp^f ^ where d{x,y) = df{x,y) is 

defined by (11.11) . Obviously, d is symmetric and nonnegative. Moreover, 
the triangle inequality for d implies 

d{x, y) < d{x, z) + d{z, y) 
for all x,y,z& Xp^f. Hence {Xp,f, d) is a pseudometric space. 

Definition 1.3. A pretangent space to the space X (at the point p w.r.t. r) 
is the metric identification of a pseudometric space {Xp^f,d). 

Since the notion of pretangent space is basic for the paper, we remind 
this metric identification construction. 

Define a relation ~ on Xp^^ as x ~ if and only if d{x, y) = 0. Then ~ is 
an equivalence relation. Let us denote by Q^- the set of equivalence classes 

in Xp r under the equivalence relation ~ . It follows from general properties 
of the pseudometric spaces (see, for example, [8j) that if p is defined on Q^- 
as 

p(7,/3) ■.= d{x,y) (1.2) 

for a; G 7 and y E /3, then p is a well-defined metric on ^pf. By definition, 
the metric identification of {Xp^f,d) is the metric space (f2^^,p). 

It should be observed that flpf ^ because the constant sequence p 
belongs to Xp^f. Thus every pretangent space Q^- is a pointed metric space 
with the natural distinguished point a = vr(p), (see diagram (II. 3p below). 

Let {nk)k£N be an infinite, strictly increasing sequence of natural num- 
bers. Let us denote by f' the subsequence {rn^)km of the scaling sequence 
r = (r„)„eN and let x' := (x„JfcgN for every x = (x„)„gN ^ X. It is clear 
that if X and y are niutually stable w.r.t. f, then x' and y' are mutually 
stable w.r.t. f' and df{x,y) = df'{x',y'). If Xp^f is a maximal self-stable 
(w.r.t f) family, then, by Zorn's Lemma, there exists a maximal self-stable 
(w.r.t f') family Xp^f such that 

{x : X G Xp^f} C Xpy. 
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x' for all X G X^^f. It 



Denote by irifi the map from Xp^^ to X^^fi with iufi [x) 
follows from f ll.2p that after metric identifications inft passes to an isometric 
embedding em! : fi^- — )■ under which the diagram 



TT 



em' 



TT 



(1.3) 



is commutative. Here tt and tt' are the natural projections, 

Tiix) := {y G Xp^f : df{x,y) = 0} and tt'{x) := {y G Xp^^/ : df'{x,y) = 0}. 

Let X and F be metric spaces. Recall that a map / : X — )■ F is called 
an isometry if / is distance-preserving and onto. 

Definition 1.4. ^4 pretangent zs tangent if em' : Q^- — )■ zs an 

isometry for every f'. 

The following lemmas will be used in sections 3 and 4 of the paper. 

Lemma 1.5. [1] Let 'iB be a countable subfamily of X and let p = (pn)neN 
be a scaling sequence. Suppose that the inequality 

y d{bn,p) ^ 
hm sup < oo 

n— i>oo Pn 

holds for every b = {bn)nen ^ ®- Then there is an infinite subsequence p' of 
p such that the family = {b' : b E 03'} is self-stable w.r.t. p'. 

The next lemma follows from Corollary 3.3 of [7J. 

Lemma 1.6. Let {X,d) be a metric space and let Y, Z be dense subsets of 
X. Then for every p eY (1 Z and every OY^ there are fi^ ^ and an isometry 



f : — )■ fip^ such that /(ay) = az where ay and az are the marked 



points of and respectively. 



It was proved in [Ij that a bounded tangent space to X at p exists if and 
only if the distance set 

Sp{X) = {d{x,p) -.xeX} 

is strongly porous at 0. The necessary and sufficient conditions under which 
all pretangent spaces to X at p are bounded also formulated in terms of the 
local porosity of the set >S'p(X) (see [2j for details). 
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In the present paper we shall consider some interconnections between 
pretangent spaces and a subclass of the locally strongly porous on the right 
sets. 

2 Completely strongly porous sets 

Let us recall the definition of the right hand porosity. Let E he a subset 
of M+ = [0,oo). 

Definition 2.1. [lOj The right hand porosity of E at is the quantity 

p+{E,0) :=limsup ^^^:°'^^ (2.1) 

where X{E,0,h) is the length of the largest open subinterval of {0,h) that 
contains no points of E. The set E is strongly porous at ifp~^{E,0) = 1. 

Let f = {Tn)n£n be a sequence of real numbers. We shall say that f is 
almost decreasing if the inequality r„+i < r„ holds for sufficiently large n. 
Write Eq for the set of almost decreasing sequences f with lim r„ = and 

TneE\ {0} for nen. 

Define to be the set of sequences of open intervals (a„, 6„) C R+, n G 
N, meeting the conditions: 

• Each {an, bn) is a connected component of the set ExtE = Int{M.'^\E), 
i.e., {an, bn) (1 E = but 

{{a, b) ^ {an, bn)) {{a, b) f] E ^ 0) 

for every {a,b) D {an, hi); 

• (an)ngN 'is almost decreasing; 

• lim an = and lim = 1. 

Define also an equivalence x on the set of sequences of strictly positive 
numbers as follows. Let a = (a„)„eN and 7 = (7„)„6n- Then a x 7 if there 
are some constants Ci, C2 > such that Cia„ < 7n < C2a„ for n G N. 

Definition 2.2. Let E C R+ and let f G E^. The set E is f -strongly 
porous at if there is a sequence {(a„, 6n)}neN G 1% such that 7x0 where 
a = (a„)„eN- E is completely strongly porous at if E is f -strongly porous 
at for every f G E^. 
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The last definition is an equivalent form of Definition 2.4 from [1] (that 
follows directly from Lemma 2.11 in [4j). We denote by CSP the set of 
all completely strongly porous at subsets of M+. It is clear that every 
E G CSP is strongly porous at but not conversely. Moreover, if is an 
isolated point of E C M+, then E e CSP. 

The next lemma immediately follows from Definition 12. 2[ 

Lemma 2.3. Let E C M+, 7 g Eq, {{an, &n)}neN ^ ^ — {(^n)neN- 

The equivalence ^a holds if and only if we have 

lim sup — < 00 and 7^ < a„ 

for sufficiently large n. 

Define a set NjVi as {A^i, A^i + 1, ...} for A^i G M. 
Definition 2.4. Let 

A = {{an,hn)]nen G 1% (^^d L = {(/„, m„)}„gN G Ir- 

Write A ^ L if there are Ni & N and f : — >■ N such that a„ = 
for every n G Nat-^. L is universal if B ^ L holds for every B G /|;. 

Let L = {{ln,^n)}nen G 1^ be universal and let 

M(L) := lim sup (2.2) 

In what follows aci? means the set of all accumulation points of a set E. 

Theorem 2.5. jl] Lei E C M+ &e strongly porous at and G aci?. T/ien 
G CSP if and only if there is an universal L E ij^ such that M{L) < 00. 

Note that the quantity M{L) depends from the set E only (for details 
see The following lemma is used in next part of the paper. 

Lemma 2.6. [4j Let E C R+ and let f = (r„)„eN G E^- Then E is f- 
strongly porous at if and only if there is a constant k G (1, 00) such that 
for every K G {k, 00) there exists Ni{K) G N with {kTn, KTn) (1 E = for 
every n > Ni{K). 

Let us consider now a simple set belonging to CSP. 
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Example 2.7. Let {xn)ne'N be strictly decreasing sequence of positive real 
numbers with lim = 0. Define a set W as 

W = {xn-.ne N}, 

i.e., W is the range of the sequence {Xn)neN- Then W G C/SP and L = 
Xn)}neN ^ /{y is uuivcrsal with M{L) = 1. 

Proposition 2.8. Let E C M+. Then the inclusion 

{EUA:Ae CSP} C CSP (2.3) 

holds if and only if is an isolated point of E. 

Remark 2.9. Inclusion (1^ means that EUA E CSP for every A G CSP. 

Proof of Proposition \2.8\ If ^ acE, then fl2.3p follows almost di- 
rectly and we omit the details here. Suppose G acE. Then there is a 
sequence (r„)„gN such that Tn E E and r„+i < 2^" r„ for every n G N. Let 
Ml, M2, Mfc, ... be an infinite partition of N, 

00 

U Mk = N, MiH Mj = 0iii^ j 

k=l 

such that cardMfc =cardN for every k and z/(l) < z/(2) < ... < v{k)... where 

vik) = min n. (2.4) 

Let n G N and let m{n) be the index such that n G Mm{n)- For every G N 
define t* as 2-™(")r„. Write 

El = {r„ : n G N} and E* = {t* : n E N}. 

Using Lemma [2.61 we can show that Ei U El is not r*-strongly porous with 
f* = {Tn)nen- Consequently EiUE^ ^ CSP. It implies that EUE^* ^ C5P 
because Ei C To complete the proof, it suffices to show that E^ E CSP. 
To this end, we note that (12. 4p and the inequalities z/(l) < u{2) < ... < 
v{k)... imply that m{n) < n for every n G N. Indeed, if m{n) = k, then we 
have 

n > u{k) = (z/(A;)-z/(A;-l)) + (z/(fc-l)-z/(fc-2)) + ... + (z/(2)-z/(l)) + z/(l) 

> (A; - 1) + z/(l) = k = m{n). 

Consequently 

* _ 2-m(n)^ > 2-"r > 2~"V > T , 1 > r* 

' n — ^ ' n 1— ^ ' n 1— ^ 'n ^ 'n+1 i— 'n+1 
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for every n G N. It follows from that 

lim > lim = lim 2"" = +00. 

Thus, as in Example 12. 71 we have G CSP. □ 



3 Uniform boundedness and CSP 

Let 5^ = {(Xj, di) : i E 1} be a nonempty family of metric spaces. The 
family ^ is uniformly bounded if there is a constant c > such that the 
inequality diamXj < c holds for every z G /. If all metric spaces (Xj, c/j) G ^ 
are pointed with marked points G Xj, then the uniform boundedness of 
^ can be described by the next way. Define 

p*{Xi) := sup di{x, Pi) and R*{^) := sup p*{Xi). (3.1) 

The family ^ is uniformly bounded if and only if R*{^) < oo. 

Proposition 3.1. Let {X,d,p) be a pointed metric space and let fl^ be 

the set of all pretangent spaces to X at p. The following statements are 
equivalent. 

(ii) The family fl^ is uniformly bounded. 
{12) The point p is an isolated point of X. 

Proof. The implication (12) ^ (ii) follows directly from the definitions. To 
prove (ii) ^ (12) suppose that p G acX. Let x = {xn)nm G X be a sequence 
of distinct points of X such that lim d{xn,p) = 0. For t > define the 

scaling sequence ft = ('"n,i)nGN with r„^t = ^^i^ii^. It follows at once from 
Definition 1.1 that x and p are mutually stable w.r.t ft and 

dr^{x,p) = t. (3.2) 

Let Xp^ft be a maximal self-stable family meeting the relation x G Xp^f^. 
Equality (13. 2p implies the inequality 

diamilp f.^ > t, 

where ^pf^ = '^{Xp^ft). Consequently the family fip is not uniformly bounded. 
The implication (ii) ^ {12) follows. □ 
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The proposition above shows that the question on the uniform bound- 
edness can be informative only for some special subfamilies of Op . We can 
narrow down the family Op by the way of consideration some special scaling 
sequences. 

Definition 3.2. Let {X,d,p) be a pointed metric space and let p G acX. 

A scaling sequence (r„)„gN is normal if there is {xn)nen ^ ^ such that the 
sequence {d{xn,p))nm is almost decreasing and 

hm = 1. (3.3) 

?i-s>oo r„ 

Proposition 3.3. The following properties take place for every pointed met- 
ric space {X, d, p) . 

(ii) If contains at least two distinct points, then there are c > and a 
subsequence {rn^)ken of r so that the sequence (cr„^)fcgN is normal. 
(^2) If {xn)neN € X and ( 13. 3p holds, then there is an infinite increasing 
sequence {nk)km so that {d{xn^.,p))kGN is decreasing. 

(23) If r is a normal scaling sequence, then there is {xn)nem £ X such that 
(13. 3p holds and {d{xn,p))nm is almost decreasing decreasing. 

Proof. It is easily verified that (ii) and (^2) hold. To verify (^3) observe that 
there is {yn)neN £ ^ which satisfies d{yn,p) > for every n G N and (13. 3p 
with {Xn)neN = (yn)neN- Let m{n) G N meet the conditions m{n) < n and 
d{ym(n,p) = niin d{yi,p). Since f is almost decreasing we have 

l<i<n 

diym{n),p) ^ d{ym{n),p) ^ d{yn,p) 
The conditions lim yn = P and d{yn, p) > for n G N imply that m{n) — )■ 00 

n— >oo 

as n — !■ 00. Consequently 

^ ^ j.^ d{ym(n),p) ^ j.^ d{ym{n),p) ^ j.^ d{yn,p) 
n^oo rm{n) '"n 

Thus (is) holds with {Xn)nm = {ym(n))nm- □ 

Write 0^(n) for the set of pretangent spaces Q^f with normal scaling 
sequences. Under what conditions the family Op (n) is uniformly bounded? 

Remark 3.4. Of course, the property of scaling sequence f to be normal 
depends on the underlaying space {X,d,p). Nevertheless for every pointed 
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metric space {X, d, p) a scaling sequence f is normal for this space if and 
only if it is normal for the space {Sp{X), \ ■ |,0). We shall use this simple 
fact below in Proposition] 



In the next proposition we define fig (n) to be the set of all pretangent 
spaces to the distance set E = Sp{X) at w.r.t. normal scaling sequences. 

Proposition 3.5. Let {X, d,p) be a pointed metric space and let E = Sp{X). 
Then we have 

i?*(fi^(n)) = R*{n^in)) (3.4) 

where i?*(f2j(n)) and R*{n^{n)) are defined by ([XI]) with ^ = rij(n) and 
^ = (n) respectively. 

Proof. If p ^ acX, then the set of normal scaling sequences is empty. Con- 
sequently we have fip (n) = fip (n) = 0, so we suppose that p G acX. 

For each normal scaling sequence f and every x G X having the finite 
limit lim we can find {sn)nen G E such that 



n— >oo 



hm ^^^^ = lim ^. (3.5) 

n-s>oo r„ n-s-oo r„ 

Hence the inequality 

p{a,(3)<R*in^in)) (3.6) 

holds with a = 7r(p) for every /3 G and every Q^f G fip (n). Taking 
supremum over all f G (n) and (3 G fi^^:, we get 

R*{n^{n)) > R*{n^{n)). (3.7) 
It still remains to prove the inequality 

R*in^{n)) < R*{n^{n)). (3.8) 

As is easily seen, for every normal scaling f and every 5 G -E with lim — < 

n— >-oo 

oo, there is a; G X satisfying (13. 5p . Now reasoning as in the proof of (13. 7p 
we obtain Equality follows from (jSTD and (jM]). □ 

Lemma 3.6. Let E C M+ and let G acE. If the inequality 

R*{n^{n)) < oo (3.9) 

holds, then E G CSP. 
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Proof. Suppose that (13. 9p holds but there is f = (r„)„gN ^ Eq such that E 
is not f-strongly porous at 0. Then, by Lemma [2. 6 [ for every k > 1 there is 
K G {k, oo) such that (A;r„, Kt„) (1 E ^ for all n belonging to an infinite 
set A C N. Let us put 

k = 2R*{n^{n)). (3.10) 

It simply follows from 1^ and Definition O that i?*(0^(n)) > 1. Thus 
k > 2. Consequently we can find K G (A;, oo) and an infinite set A = 
{ni, ...,nj, ...} C N, such that for every nj G A there is xj G E satisfying 
the double inequality 

k<^ <K. (3.11) 

Thus the sequence ( — ) is bounded. Hence it contains a convergent 
subsequence. Passing to this subsequence we obtain 



lim ^ < oo. (3.12) 



Now dXTU]) and flXTTD imply 



lim ^ = lim liL^ > 2i^*(^^^(n)). (3.13) 

The scaling sequence f = {rj)j(z^ with Vj = Tn^, j G N, is normal. The 
existence of finite limit (I3.12p implies that x = {xj)j(z-^ and are mutually 
stable w.r.t f. Consequently there is a maximal self-stable family Eq^^ such 
that X, G Eo^f. Write Qq- for the metric identification of Eq^^ and a for 
the natural projection of 0. Using (I3.13P and (13. ip . we obtain 

i?*(0^(n)) > sup p(«,7) > 2R*{n^{n)). 

The last double inequality is inconsistent because 1 < i?*(f2o(n)) < oo. 
Thus if (13. 9p holds, then E is f-strongly porous at 0, as required. □ 

Let f G Eq. Define a subset I%{f) of the set /|. by the rule: 

({(an,&n)}neN G /^(^)) ^ ({ K, &n) }neN G and 
r„ < a„for sufficiently larger G N). 

Write ^ 

C('f) := inf (lim sup —) and Ce '■= sup C(f) (3.14) 
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where the infimum is taken over all {(a„,6„)}„gN £ Ie{'^)- 
Using Theorem 12.51 we can prove the following 

Proposition 3.7. ^ Let E CI M+ and f G E^. The set E is T-strongly 
porous at if and only if C{f) < oo. The membership E G CSP holds if 
and only if Ce < oo. 

Remark 3.8. If E C M+, i = 1,2, {{ai\h^n^)}nm e /| and x where 

0-* = {o!"n)n&ii then there is rio G N such that {an\hn'^) = {an\bn'') for 
every n > Hq. Consequently if E is f-strongly porous and {(a„,&„)}„eN G 
/|;(f), then we have 

either limsup — = oo or limsup — = C(f) < oo. 

Lemma 3.9. \^ Let E E CSP. If L e 1% is universal, then M{L) = Ce 
where the quantities M{L) and Ce are defined by (12. 2 p and (I3.14p respec- 
tively. 

Proposition 3.10. Let E C M+ and let G acE. Then the equality 

Ce = R*{^oH) (3.15) 

holds. 

Proof. Let us prove the inequality 

CE>R*{ft^{n)). (3.16) 

This is trivial if C^; = oo. Suppose that C^; < oo. Inequality ( 13.16^ holds Jf, 
for every normal scaling sequence f = (r„)„gN and each y = {yn)neN G Eq, 
the existence of the finite limit lim ^ implies the inequality 

lim ^ < Ce. (3.17) 

Since f is normal. Proposition 13.31 implies that there is a; = (x„)„gN G Eq 
with lim — = 1. Consequently (I3.17P holds if and only if 

n-s>oo ^" 

lim ^ < Ce. (3.18) 

n-s-oo Xn 

If lim — = 0, then (I3.18P is trivial. Suppose that < lim ^ < oo. The 
last double inequality implies the equivalence x x In accordance with 
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Proposition 13.71 E G CSP if and only ii Ce < oo holds. Hence E is x- 
strongly porous at 0. Consequently there is {(a„,6„)}„gN G such that 
X X a. The relations x x ^ and x x a imply y x a. Using Lemma we can 
find Nq & N such that < a„ for n > Nq. Consequently we have Mil Bil 
for n > No, which implies 

lim — < limsup — < C{f) < Ce 

n^oo Xfi n—^oo Xn 

(see fimi) l Inequality flXTGj) follows. 

To prove ( I3.15p . it still remains to verify the inequality 

Ce < i?*(f^o (n)). (3.19) 
It is trivial if i?*(r2Q (n)) = oo. Suppose that 

i?*(n^(n)) < oo. (3.20) 

Inequality (I3.19p holds if 

C{x) < Wip^ip)). (3.21) 

for every x G Eq. Let E^ denote the closure of the set E in R"*" and let 
X G E^. It follows at once from Lemma [LS that R*{Q^{n)) = R*{n^\n)). 
Consequently IKTOf holds iiC{x) < R*{nf{n)). By LemmaESl inequality 
(I3.20p implies that E G CSP. Hence, by Lemma[231 there is {(a„, &„)}neN ^ 
/|. such that 

limsup — < oo (3.22) 

n— >oo Xn 

and a„ > x„ for sufficiently large n. Inequality fl3.22p implies the equality 

C{x) = hmsup — , (3.23) 

n— >-oo Xji 

(see Remark 13. 8p . Let (^j)jeN be an infinite increasing sequence for which 

lim — ^ = limsup — . (3.24) 

Define rj := Xn^, f := {rj)j|=.^ and tj := an., t := (tj)^^^. It is clear that f 
is a normal scaling sequence. Relation f l3.22p and ( I3.24p imply that t and 
= (0, 0, 0, ...) are mutually stable w.r.t. r. Let Eq^ be a maximal (in 

E^) self-stable family containing i and 0. Using lK23\i and ([SJlD, we 

obtain 

R*{nf{n)) > sup rfr(y,0) > df{i,0) = C{x). 
Hence f l3.19p holds that completes the proof of f l3.15p . □ 
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The following theorem gives the necessary and sufficient conditions under 
which fip (n) is uniformly bounded. 

Theorem 3.11. Let {X, d,p) be a pointed metric space and let E = Sp{X). 
The family fl^{n) is uniformly bounded if and only if E & CSP. If fl-^{n) 
is uniformly bounded and p G acX , then 

R*{n^{n)) = M{L) (3.25) 

where L is an universal element of (/^, ^) and M{L) is defined by (12. 2p . 

Proof. The theorem is trivial if p is an isolated point of X, so that we assume 
p G acX. By Proposition 13. 5^ fip (n) is uniformly bounded if and only if 
rj^(n) is uniformly bounded. Since Ce = R*{fl^{n)) (see flXTS]) ). rj^(n) is 
uniformly bounded if and only if Ce < oo. Using Proposition 13. 71 we obtain 
that Oq (n) is uniformly bounded if and only if G CSP. 

Let us prove that 03.251) holds if (n) is uniformly bounded and p G 
acX. In this case, as was proved above, E G CSP. Consequently, by 
Theorem 12. 5[ there is an universal element L & I'^ such that M{L) < oo. 
Lemma [3.91 implies that 

M(Z) = Ce. (3.26) 
By Proposition I3.10[ we have also the equality 

Ce = R*{^^{n)). (3.27) 

Since R*{n^{n)) = R*{nf{n)), equalities ^?2^ and (KT7\i imply (IX^ . 

□ 

Theorem 13.111 is an example of translation of some results related to 
completely strongly porous at sets on the language of pretangent spaces. 
In the rest of the present section of the paper we shall obtain one more 
example. 

Let {Xi,di,pi),i = 1,2, be pointed metric spaces. We write 

{Y, dy, Py) = Xl[i)X2 

if {Y,dy,Py) is a pointed metric space for which there are Yi Y and 
isometrics fi'.Yi^ Xi such that Yi U Y = Y, py E Yi n Y2 and fi{py) = Pi 
with i = 1,2. For example, to construct Xi WX2 we can use some isometric 
embeddings Fi of Xi,i = 1,2, into a linear normed space X equipped with 
/oo norm [9, p. 13]. The translation $(x) = x + Fi{pi) — ^2(^2), a; G X, 
is a self-isometry of X transforming ^2(^2) at Fi{pi). Consequently the 
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set Fi{Xi) U $(F2(X2)) with the metric from X and the marked point 
Fi{pi) = '^'(-^2(^2)) nieets all desired properties of Xi I±IX2. 
Proposition 12.81 and Theorem 13.111 give us the following 

Corollary 3.12. Let {X,dx,Px) be a pointed metric space. The following 
statements are equivalent: 

(i) r2p^(n) is uniformly bounded for every {Z,dz,Pz) = Y \ti X having the 
uniformly bounded f2j^(n); 

(ii) px ^ acX. 

For the proof it suffices to note that Sp^{Z) = Sp^{X) U Spy{Y). 



4 Uniform boundedness and uniform discreteness 

Let ^ = {{Xi,di,pi) : i G /} be a nonempty family of pointed metric 
spaces. We set 

tv\ jiT^i{di{x,Pi) : xeXi\ {pi}} if Xi =^ {pi} 
[+00 It Xi = {pi\ 

for i & I and write -R*(5^) := inf p^:{Xi). We shall say that ^ is uniformly 

i€l 

discrete (w.r.t. the marked points Pi) if R^{d) > 0. 

As in Proposition 13.11 it is easy to show that the family fl^ of all pre- 
tangent spaces is uniformly discrete if and only if p is an isolated point of 
the metric space X. Thus, it make sense to consider ilp (n). 

Theorem 4.1. Let {X, d,p) be a pointed metric space such that fip (n) ^ 0. 
Then fip (n) is uniformly discrete if and only if it is uniformly bounded. The 
equality 

holds z/0^(n) is uniformly bounded. 

Remark 4.2. The condition 0^(n) ^ implies that R*{n^{n)) > 0. 
Putting — = we may also expend f l4.2p on arbitrary nonvoid families 

We will prove Theorem 14.11 in some more general setting. 
Let {X,d,p) be a pointed metric space and let t > 0. Write tX for the 
pointed metric space {X,td,p), i.e. tX is the pointed metric space with the 
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same underluing set X and the marked point p, but equipped with the new 
metric td instead of d. 

Definition 4.3. Let ^ be a nonempty family of pointed metric spaces. ^ 
is weakly self-similar if for every (Y,d,p) G and every nonzero t G Sp{Y) 
the space jY belongs to ^. 

Theorem 4.4. Let ^ = {{Xi,di,pi) : z G /} be a weakly self- similar family 
of pointed metric spaces. Suppose that the sphere 

Si = {x e Xi : di{x,pi) = 1} 

is nonvoid for every i & I. Then is uniformly bounded if and only if ^ 
is uniformly discrete w.r.t. the marked points pi,i E L If ^ is uniformly 
bounded, then the equality 



Rjm = ^ (4.3) 



holds. 



Proof. Assume that ^ uniformly bounded but not uniformly discrete. Then 
there is a sequence (xjj.)^^^ such that 

x^^ G Xi^,Xi^ ^pi^ and lim = 

fe— >oo 

Since Si^ for every iEl,we can find a sequence {yif.)ken fo^' which G 
Xi^ and di^^{yi^,pi^) = 1 for every k eN. Define tk to be di^^{xi^,pij, k eN. 
Since ^ is weakly self-similar, the membership t^^Xj^ G ^ holds for every 
A; G N. Now we obtain 

R*{d) > limsupt^^(ii^(?/i^,pij = lim sup = oo. 

Hence ^ is not uniformly bounded, contrary to the assumption. Therefore 
if ^ is uniformly bounded, then ^ is uniformly discrete. Similarly we can 
prove that the uniform discreteness of ^ implies the uniform boundedness 
of this family. 

Suppose now that R*{^) < oo. Let us prove equality (14. 3p . Define a 
quantity Q{^) by the rule 

p*{Xi) 
Qid) = sup — — 
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where p*(Xj) is defined by (14.11) and p*{Xi) by (13.1 p . The first part of the 

theorem implies that ^ is uniformly discrete. Hence -R*(5^) > 0, that implies 
> 0, 2 G /. Moreover the inequality R*{^) < oo gives us the condition 
< oo. Thus Q{^) is correctly defined. We claim that the equality 

Q{d) = R*{d) holds. Indeed let (ifc)fceN be a sequence of indexes ik & I such 

that 



limp.(X,J = i?*(^). (4.4) 

fe— >oo 

Since Si ^ for every i G /, we have p^,{Xi^) < 1 for every Xi^. Conse- 
quently 

Qid) > limsup ^^^^ > limsupp*(X,J = lim p*(X,J > R*{d). (4.5) 

Let us consider a sequence {im)mGn,im G for which 

Q{:S) = lim (4.6) 

The quantity ^ is invariant w.r.t. the passage from X^ to ]:Xi,t G 
S'p.(Xj). Consequently using the uniform discreteness of 5 and the inequality 
P*{Xi) < 1 (which follows from the condition Si ^ 0, i & I), we may assume 
that 



lim p,{X,J = 1. (4.7) 
Limit relations (14.61) and (14. 7p imply 

Qid) = lim p*(X.„) < R*id)- 

The last inequality and (14. Sp give us the equality R*{^) = Q{d)- Reasoning 
similarly we obtain the equality QC^) = ^ ^^-^^ . Equality (14. 3 p follows. □ 

Let us define a subset """ilp of the set fip of all pretangent spaces to X 
at p by the rule: 

(ilp f:,p,a) G """fip if and only if f is almost decreasing 
and {6 G fi^^^ : p(a, 5) = 1} ^ 
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where a = 7r{p) is the marked point of the pretangent space flpf and p is 
the metric on flpf. It is clear that ^fl^ meets the condition of Theorem 14.41 
and 

^Oj C n^in). (4.8) 
To apply Theorem 14.41 to Theorem 14.11 we need the following 
Lemma 4.5. Let fif- e r2^(n). Then there is ^fif- G ^fi?" such that 

pX^i,,) < P.K,) < p\^l,) < P*C^i,)- (4.9) 

Proof. Let Xp^f be the maximal self-stable family which metric identification 
coincides with ^pf. We can find some sequences a* = (a^)„gN and 6* = 
(6^)„eN,i G N such that 



lim pin{b'), a) = p*(fif,) and lim pinia'), a) = p*(fi^,)- (4-10) 



Since ilpf. G ilp (n), the scaling sequence r is normal. Consequently there 
is c = (c„)„gN £ X such that 

lim = 1. 

Let us define a countable family 23 C X as 

03 = {6V i G N} U {aV i G N} U {£}. 

The family 03 satisfies the condition of Lemma 11.51 Consequently there is 
an infinite subsequence r' = {rrn.)keN the scaling sequence f for which the 
family 

®' = {(KjkeN : ^ G N} U {{al^Jken : t E N} U {{cn^ken} 

is self-stable w.r.t. r'. Completing 03' to a maximal self-stable family and 
passing to the metric identification of it we obtain the desired pretangent 
space ^f^^^ with fx = f' . □ 

Proof of Theorem \4.1[ Inclusion (14. 8 P implies the inequalities 

R*Cn^)<R*{n^{n)) and i?.(Oj(n)) < i?.(iOj). 

The converse inequalities follow from (14. 9p . Consequently we have the equal- 
ities 

R*Cn^) = R*{n^{n)) and R^{n^{n)) = R^Cn^). (4.11) 
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Now Theorem 14.11 follows directly from Theorem l4.4l and (14. lip . □ 

The sum of theorems 14.11 and 13.111 yields the following result that was 
announced in [3J. 

Theorem 4.6. Let {X, d,p) be a metric space with a marked point p G acX. 
Then the following three conditions are equivalent. 

(i) fip (n) is uniformly bounded. 

(ii) rip (n) is uniformly discrete. 

(iii) Sp{X) e CSP. 

Moreover if Q-^{n) is uniformly bounded, then 

R*{n^{n)) = M{L) and i?,(f2j(n)) = ^ 
where the quantity M{L) was defined by (12. 2p . 
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